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Abstract

To apply reinforcement learning to safety-critical
applications, we ought to provide safety guarantees
during both policy training and deployment. In this
work we present novel theoretical results that pro-
vide a bound on the probability of violating a safety
property for a new task-specific policy in a model-
free, episodic setup: the bound, based on a ‘max-
imum policy ratio’ that is computed with respect
to a ‘safe’ base policy, can also be more gener-
ally applied to temporally-extended properties (be-
yond safety) and to robust control problems. We
thus present SPoRt, which also provides a data-
driven approach for obtaining such a bound for the
base policy, based on scenario theory, and which in-
cludes Projected PPO, a new projection-based ap-
proach for training the task-specific policy while
maintaining a user-specified bound on property vi-
olation. Hence, SPoRt enables the user to trade
off safety guarantees in exchange for task-specific
performance. Accordingly, we present experimen-
tal results demonstrating this trade-off, as well as
a comparison of the theoretical bound to posterior
bounds based on empirical violation rates.

1 Introduction

Reinforcement Learning (RL) is an area of machine learning
where an agent is trained to interact with its environment to
maximize some (cumulative) reward [Sutton and Barto, 2014;
Mason and Grijalva, 2019]. There has been great interest in
applying RL to real-world control problems in fields such
as robotics [Kober and Peters, 2014; Hwangbo et al., 2019;
Singh et al., 2022], traffic management [Chu er al., 2020;
Vertovec and Margellos, 2023; Lee e al., 2023] and au-
tonomous driving [Isele et al., 2018; Ma et al., 2021; Li et al.,
2022], to name just a few. Many of these domains typically
fall into the realm of “safety-critical” applications, whereby
we need to guarantee safety specifications, such as obstacle
avoidance. Satisfying safety constraints becomes particularly
challenging when we have little to no knowledge of our envi-
ronment. This problem has been studied in a substantial body
of literature, known as model-free safe RL.

Traditional policy gradient algorithms for model-free RL,
such as Trust Region Policy Optimization (TRPO) [Schulman
et al., 2015] and Policy Proximal Optimization (PPO) [Schul-
man ef al., 2017], allow the agent to explore any behavior
during training, including behaviors that would be consid-
ered unsafe; this is unacceptable for safety-critical applica-
tions. To encode safety into training, a popular formulation
is the Constrained Markov Decision Process (CMDP) [Alt-
man, 2021], which includes safety constraints and is typically
solved using primal-dual methods [Achiam er al., 2017] and
modifying the trust region to exclude unsafe policy updates
[Milosevic et al., 2024]. However, the CMDP formulation is
limited in its ability to model safety constraints; CMDPs con-
strain the expected discounted cost return, but for many prac-
tical applications we require an explicit bound on the proba-
bility that a sampled trajectory violates a safety constraint.

Alternative approaches based on control theory ensure
safety by preventing the agent from taking actions that would
eventually lead to safety violations; this is achieved using,
e.g., Lyapunov and barrier functions [Chow er al., 2018],
shielding [Alshiekh er al., 2018; Konighofer et al., 2023] or
safety filters [Hsu er al., 2024]. However, these approaches
require a model of the environment to predict future safety,
and thus are generally limited to model-based setups. Mean-
while, formal methods-based approaches, such as [Hasanbeig
et al., 2023], encode safety by leveraging Linear Temporal
Logic (LTL) [Pnueli, 1977] as a formal reward-shaping struc-
ture. Unlike CMDPs, whereby the original objective is sepa-
rate from the constraint, LTL formula satisfaction is encoded
into the expected return itself, and under certain conditions
the trained policy is guaranteed to maximize the probability
of LTL formula satisfaction; however, no guarantees can be
obtained during training.

Since we presume no knowledge of the environment, as in
standard model-free RL, we will rely on finite-sample learn-
ing to evaluate the agent’s ability to remain safe using prob-
ably approximately correct (PAC) guarantees. Finite-sample
complexity bounds provide the number of samples needed to,
with a given confidence, learn some target function with a
certain accuracy [Vidyasagar, 2003]. Tools from statistical
learning theory based on Vapnik Chervonenkis (VC) theory
have successfully been able to provide finite sample bounds
for learning in unknown environments [Vidyasagar, 2003;
Tempo et al., 2005], with recent work providing finite sam-



ple bounds even under changing target assumptions [Vertovec
et al., 2024]. Yet VC-theoretic techniques require the com-
putation of the VC dimension, which is a difficult task for
generic optimization problems. Under a convexity assump-
tion, the so-called scenario approach offers a-priori proba-
bilistic feasibility guarantees without resorting to VC the-
ory [Calafiore and Campi, 2006; Campi and Garatti, 2008;
Campi and Garatti, 2018].

The scenario approach traditionally relies on independent
and identically distributed (i.i.d.) samples to establish its
sample-complexity bounds. However, this creates a limita-
tion in reinforcement learning contexts, where the sampling
distribution changes as policies are updated. As a result,
safety guarantees established for one policy cannot be di-
rectly transferred when the policy changes. In this work,
we overcome this limitation by extending the PAC guaran-
tees to accommodate policy changes. Specifically, we derive
a constraint on how much policies can shift while maintain-
ing safety guarantees, and present SPoRt, an approach for
adapting an existing safe policy to improve task-specific per-
formance while maintaining a bound on the probability of
safety violation, known prior to deploying or even training
the adapted policy; this bound can be tuned by the user so as
to trade off safety and task-specific performance.

Our technical contributions underpinning SPoRt are as fol-
lows:

1. A data-driven method for obtaining a bound on the prob-
ability that a property (e.g. safety), in general expressed
as an LTL formula, is violated for trajectories drawn us-
ing a given base policy (Section 3).

2. Novel theoretical results that provide, for an episodic,
model-free RL setup, a bound on the probability of prop-
erty violation for a new task-specific policy, based on a
‘maximum policy ratio’ computed with respect to the
‘safe’ base policy (cf. previous point) (Section 4).

3. A projection-based method for constraining a task-
specific policy to ensure that this prior bound holds (Sec-
tion 5).

4. Projected PPO, an algorithm for training a new, task-
specific policy, while maintaining a user-specified prior
bound on property violation, thus trading off safety guar-
antees for task-specific performance (Section 6).

We also test SPoRt on a time-bounded reach-avoid property
and present experimental results demonstrating the safety-
performance trade-off, as well as comparison of the theoreti-
cal prior bound to posterior bounds based on empirical viola-
tion rates (Section 7 and 8).

All appendices and code! can be found in the supplemen-
tary material, which contains all proofs.

2 Models, Tasks and Properties

We consider a model-free episodic RL setup where an agent
interacts with an unknown environment modeled as a Markov
Decision Process (MDP) [Sutton and Barto, 2014], specified
by the tuple (S, A, p, 11, Ttask), With a continuous state space

'Link to code: https://anonymous.4open.science/r/rl-vcf-3C26/.

S and continuous action space A. p(s'|a,s) : S x A —
A(S) and u(s) € A(S) are the (unknown) state-transition
and initial state distributions, respectively. We will consider
learning a stochastic policy 7w (als) : S — A(.A) in a model-
free setup. We use T:;’er = (S¢,S¢11,---,St47)P™ to denote
a realization of a trajectory of the closed-loop system with
state transition distribution p, starting at state s; and evolving
for T time steps, using policy 7.

Ttask (S, a) : S X A — R is the task-specific reward, which
encourages higher task-specific performance (for example,
max speed or min time).

Safety as a Temporally-Extended Property

We define safety in terms of satisfaction of a general temporal
property . We denote that a trajectory 7 satisfies property ¢
(and is therefore safe) by 7 |= ¢, while 7 [~ ¢ indicates
that 7 violates ¢ (and is therefore unsafe). SPoRt addresses
problems where the objective is to ensure that 73", = ¢ with
high probability, while maximizing the task-specific reward
Ttask. TO evaluate the satisfaction of 7'5"07} E ¢ we introduce
a robustness metric, which encodes property violation as a
real-valued signal.

Definition 1. A robustness metric ¢¥ is a function ¢ (1) :
8" = [—a,b], n € Z4, a,b € Ry such that ¢#(7) > 0 only
for trajectories 7 € S™ that satisfy property ¢ (i.e. 7 = ).

Any safety property ¢ can be expressed as a Linear Tempo-
ral Logic (LTL) formula [Pnueli, 19771, which ensures the ex-
istence of such a metric (see Appendix A.1). Notably, SPoRt
extends beyond safety properties to encompass any property
¢ expressible as an LTL formula - the case study deals with
‘reach-avoid’ as we shall see. Accordingly, our theoretical
results generalize to product MDPs in reinforcement learn-
ing problems under general LTL specifications [Hasanbeig et
al.,2023]. While Appendix A.2 provides detailed discussions
on these extensions to general LTL formulae and hybrid-state
models, for the remainder of the paper (and with no loss in
generality) we focus exclusively on safety properties ¢ within
continuous-state MDPs, as defined in Section 2.

3 Data-Driven Property Satisfaction

SPoRt provides a method for adapting an existing safe policy
(Thase) SO as to maximize some task-specific reward (ry,sk),
without violating a given property .

As a first step, let us evaluate the property satisfaction of
given traces for a general policy 7. Given an initial state
distribution, state transition distribution and stochastic policy
(i, p, ™), the value of the robustness metric for an associated
trajectory, i.e., 0¥ (Tfo’: u,T) will be a random variable drawn
from some distribution AP and the probability of satisfying
the property ¢ will be encoded by

P{Qw(Téz:u,T) = Aﬁ,ﬂ : 9¢(T§JZM,T

) > 0}

SPoRt first bounds the probability of property violation under
. . . . sThase

an existing (safe) base policy Tpase, 1.€, IP’{Q“"(TSP[JN‘LT) €
as sThase 1 1

AbTase g“"(rfow‘;hT) < 0} < €pase using the scenario

approach [Campi and Garatti, 2018]; we roll out N scenario

trajectories (TSI)O:Z%)Z using Tpase and record them in buffer



Dbmoace = {(727%);}} ;. The following result provides

an upper bound €pase, ON the probablhty of violating :
Theorem 1. If o?((7? SONM r)i) = 0 for all N scenarios
(27, p)i in DT = {(Tfo’NM,T)i}ﬁl, then with confidence

so~u, T
1-5, where [3 (1- e) the probability of drawing a new

scenario 7", 1 such that g“"( Tagmpr) < 0 is at most .

If not all scenarios in D™ == satisfy ¢, we can leverage
results from [Campi and Garatti, 2010] to identify a suitable
€pase under k-constraint removal’, as follows:

Corollary 1. Assume k scenarios (1.7, )i in buffer DI™

= {(sF SON# )i }fvl are such that o% (. SOZ# r)i) < 0, then

with confidence 1 — (3, where f = Zz 0 ( )ek(l —ep)V1
the probablllty of drawing a new scenario Tsp :M + such that
o (187, 1) < 0is at most ey

In both cases, we first collect N scenarios, then choose our
confidence 1 — /3, and then compute the bound €.

4 Property Violation under Modified MDPs

Once €5 1s Obtained, SPoRt safely trains a task-specific pol-
icy Tiask SO as to maximize the (cumulative) reward 7¢agk-
For SPoRt to ensure safe training of m,x, We must up-
per bound the probability of property violation under 7ask,
e, P{o?(T0 ) € Abmasc o gf(7R7e) < 0},
by the probability of property violation under 7pase, i.€.,
P{o# (1270 € Abmome + g#(rP'Th) < 0}, which is
upper bounded by €pase. To do so, we first construct this
bound for general (p1,p1,71) and (ug, pa, 72), and then set
(/Jlaplv’frl) = (/iap» ’/TbaSC) and (:uQap% 772) = (:U'»pv Wtask)'
We will begin by characterizing the probability that a sam-
pled trajectory T, SoNH 7 = (S0 ~ f,81,...,87)P7 is such
that sy € Sp,...,s7 € Sr as a forward recursion, based
on work in [Soudjani and Abate, 2013; Soudjani and Abate,
2015]. Let Ls,(s) : S — {0, 1} be the indicator function for
s € S, and define functions W/"P"" (s) : & — R, charac-

terized as
=1 5t+1 / PP 71'

and WP () = 1, (s (),
where Pp”r(s/\s):/p(s'|a,s)7r(a|s)da
A

It holds that P{r’ SUNHT so € So,...,s7 € Sr}
Js Wi (s)ds. We then use Theorem 2 to obtain a bound:
Theorem 2. Suppose that, for a set of coefficients oy € Ry,

we could constrain i3, ps and o so as to enforce the follow-
ing bounds forallt =1,...,T:

W™ (") s)WiP" (s)ds

[ igm s

s

Sat/ PPUTL(S | sYW PR (s)ds €]
s

and pz(s’) < apui(s’), Vs €S.

It thus holds that
]P){sz’ﬂ-z TS50 € 80,...7

So~H2,

ST € ST}

<P plﬂ-lTZSOGSo,...

T
Tsompi1, ,ST € ST}HOLt.
t=0

We want to make this bound as tight as possible, which is
done by minimizing oy subject to Equation (1) forall s’ € S
andt = 1,...,T. Solving this problem is non-trivial due to
p1 and py being unknown in a model-free setup. To this end,
we introduce Theorem 3 to obtain a feasible solution:

Theorem 3. Suppose the following constraint on py and o
holds:

pa(s'la, s)ma(als) < aypi(s'|a, s)m1(als) Va € A s € S.
Thus Equation (1) holds for all s' € S.

Assuming stationarity, under this constraint the bound is
minimized when a; = aforallt = 1,...,T. Note also that
under this constraint, we find that o > 1.

It is important to observe that, while correct, this bound
can be very conservative for applications with large episode
length 7'; a discussion on this conservativeness can be found
in Appendix C.1. Alternative bounds from literature suffer
from similar blowup [Soudjani and Abate, 2012; Soudjani
and Abate, 2015].

Using the results from Theorem 2 and 3, we can now derive
Theorem 4 to obtain a bound on the probability of property
violation for (ue, p2, m2) in terms of (p1, p1, 71):

Theorem 4. Suppose that
P{o? (g, r) € AT
andforallt =1,...,T,
pa(s'la, s)ma(als) < aip1(s'|a, s)mi(als)
and po(s') < apguy(s’), Vae A ,s€S.
It thus holds that

. ng (Tpl 71

SONN«hT) < O} se

Plo* (52 ) €

p2,T2 . @ (P2,T2
Tsorpa, T Au; ‘0 (T

sONMZ,T> <0} <e HOét~

Now let (p1,p1,m1) = (1, P, Thase) and (u2, p2, m2) =
(14, p, Teask); We see that constraining the policy ratio

%&Z‘\Z; < aforalla € A,s € S is sufficient to ensure

that the bound holds. The total multiplicative increase on the
upper bound for property violation going from 7Tage tO Teask
is thus o', with the bound being €, = €paser’ .

This is a significant result, since we can now provide a
prior bound on the probability of property violation for any
Tiask, based entirely on the probability of property violation
for 7pase and the maximum policy ratio between 7y,q and
Thase across all states and actions, with no required knowl-
edge of pu, p or the constraints under which property ¢ holds,
so long as initial state distribution and state transition distri-
bution remain the same. Furthermore, by adjusting the value
of a we can directly trade off safety guarantees for deviation
from the base policy, which can be leveraged to achieve a
boost in task-specific performance.



However, note the exponential relationship between 7" and
€rasks this means that, for even small increases of « from 1,
our prior bound will always eventually explode to the point of
becoming trivially 1 if 7" is made sufficiently large. Thus, if
the prior bound is to be used, SPoRt is best suited to control
problems with a low maximum episode length 7. In practice,
however, there are ways to overcome or otherwise mitigate
this limitation, as we will see later in Section 7.

Note that Theorem 4 also provides a bound when po and po
differ from p; and p;. Thus, our theoretical results can also
be applied to robust control settings for perturbed systems;
see Appendix C.2 for further discussion.

5 Constraint Satisfaction for a Task Policy

For Theorem 4 to hold, we must maintain the hard constraint

% < «aforalla € A, s € S. Given a Ty,sk, WE can

achieve this by projecting my,sx onto the feasible set of policy
distributions I, ... at each time step:

Tproj(als) = projyg )(Wtask(a‘s))a

o mhase (5

m(als)

where IT, Ll8)=qmiaz
A, Thas ( ) { Wbase(a|s)

VaEA}.

While 7r¢ .5 represents the unconstrained (and potentially un-
safe) task-specific policy network that we train or are pro-
vided, the projected 70 is a policy that we can safely roll
out, including during training. Note that « defines the level
sets of Il r,,.., which is always non-empty for o > 1 (since
Thase itself is a valid mi,q). Let us now look at how to sim-
plify the computation of this projection step - we will hence-
forth assume diagonal Gaussian policies:

Assumption 1. Both 7,5 and my,g, are diagonal Gaussian
policies: m(als) = N (a; p, ), where & = diag (0%), and
where the policy means p(s) and standard deviations o (s)
are functions of MDP state and evaluated at each time step
using (for example) a policy neural network.

At each time step, we can obtain 7, using Theorem 5:

Theorem 5. Assuming diagonal Gaussian policies and us-
ing KL divergence as the distance metric for projection, the
means and standard deviations of projected policy mpr05 can
be computed from Tyase and Tiask by solving the following
convex optimization problem at each time step:

nun J(u’proj ’ UPI'OJ)
Hproj 9 proj

2
n 1 (Hproj,i*%‘base.i)
g i 2 2 3
] [ base 27 o e i~ hro)i <a
. Oproj,i
i=1 proj,

subject to

0< Oproj,i < Obase,i Vi=1,...,n
where  J(fpro55 Tproj)
2

_ i o-projq,i (/J/proj,i - Mtask,i)z
_Z —2 hl (Uproj,i) —|— ) —|— ) .
i=1

task,? Utask,i

It is interesting to note that the standard deviations of mp,;
must all be strictly lower than those of 7,5, in other words
We require 7p,.j to be less exploratory than myase. This is in-
tuitive considering that we aim to maintain safety by remain-
ing ‘close’ to Thase- We also note that making 7,5 more ex-
ploratory (with a larger standard deviation) generally results
in a larger II, r, .., allowing for greater policy change and
thus task-specific performance boost by 7p,0j; see Appendix
C.3 for details.

We implement and solve this problem using CVXPY [Di-
amond and Boyd, 2016; Agrawal ef al., 2018]; on a standard
desktop PC the compute time remains in the order of millisec-
onds for even high-dimensional action spaces, making this
method feasible for many RL applications. See Appendix D
for implementation details.

6 Training for Tasks, Under a Bound on
Property Violation

Above, we have shown how to obtain mp,,; from 7Thase and
Tiask- We have implicitly assumed that we already have 7,50
and a corresponding bound on probability of property viola-
tion €y,sx. There are many practical applications where we
would also have access to my,gk: as an example from robotics,
we may have trained 7,5 in simulation, where safety is non-
critical, but now want to safely deploy this policy on the real
robot, for which a tried-and-tested 7,45 1S known.

However, other applications may require that we train
Tiask tO Maximize cumulative r,gx While maintaining a prior
bound on safety during training, for example if a suitable sim-
ulator to train good policies for the real environment is not
available. In this case, we would like to first choose an ac-
ceptable a > 1 from €gpe = €hase@ < €maxs Where €may 1S
a maximum acceptable probability of property violation, and
we then learn m,q (initialized as 7pa5¢) While only ever de-
ploying my0j during training so as to ensure the bound holds.

Note that there is a distinction between what we train,
Task, and what we actually deploy, 7., during training.
To overcome this, SPoRt uses Projected PPO, outlined in Al-
gorithm 1, to train 7ry,gi for tasks with continuous state-action
spaces. The algorithm is inspired by clipped PPO [Schulman
et al., 2017] but clips the surrogate advantage based on the
policy ratio between the new maq and previous mpr,;, rather
than the previous 7iasi; We store the (log-)probabilities of
Tproj at each time step during data collection to avoid need-
ing to recompute 7pr.; during gradient updates. The advan-
tage estimates are also computed using samples collected by
deploying 7 rather than m,gk.

The clipping sets the gradient to zero beyond the maxi-
mum/minimum allowed policy ratio of ae t0 Tproj, pre-
venting my,sk from drifting away beyond clipping ratio £ of
Tproj» iN this way, we maintain an acceptable amount of mis-
match between 7iaq and o5 and stop Tiagk from drifting
away from the feasible set of allowed policy distributions.

We also warm-start the value function network for 7,5k
before training 7,5k, Since an accurate value function is im-
portant for effective fine-tuning. This is done by training the
value function using clipped PPO until convergence while
keeping the network weights fixed as those of mpage.



Algorithm 1 Projected PPO

1: Input: Opage, v, T

2: Obtain initial critic parameters ¢y by warm-starting the
critic using PPO (episode length T") with mpase

3: Initial task-specific policy parameters 6y < Opase

4: fork=0,1,2,... do

5: Collect trajectories Dy, = {(7);} by running pro-
jected policy Tproj,0, = projl-[aﬂbase (Ttask,0, ) in the en-

vironment. Store mpyoj.g,. (~|s£) Vst € Tp, T € Dy,
6: Compute rewards-to-go R,

7: Compute advantage estimates Ay using Vg,
8: Update task-specific policy:

T
1
Opr1 = argmeaxm Z Zmin{

T€Dy, t=0
Wtask,e(at |St)

ATproj.b0 (g ,a g f,Aﬂ'prUj,@k St,a }
Tproj,0, (At|St) (st 1), g( (st,ar))

st = {094 420
9: Fit value function:
1 d e
Prt1 = arg md}n W T;k ; (qu(st) - Rt)
10: end for

7 SPoRt in Action: Case Studies

We apply SPoRt to a reach-avoid property, wherein the agent
must reach a goal within a time limit while avoiding collision
with a hazard up until the goal is reached. Such an objec-
tive is standard within the control and verification literature,
and indeed can be used to model many real-world problems.
For completeness, we provide the LTL formula and robust-
ness metric for the time-bounded reach-avoid property in Ap-
pendix E.1, with a reminder that SPoRt can be used over gen-
eral LTL specifications.

We implemented the environment in Safety Gymnasium [Ji
et al., 2023] using a point agent and with the goal and hazard
being green and red circular regions, respectively (cf. Figure
1 and 2). This setup was chosen since it allows for easy inter-
pretability of results while remaining a reasonable abstraction
of a real robotic navigation task using a skid-steering mobile
robot with a LiIDAR sensor; a description of the MDP obser-
vation and action spaces can be found in Appendix E.2. The
episode is reset if the agent enters the hazard or goal sets, or
if the maximum episode length is exceeded. To mitigate the
exponential relationship between maximum episode length 7'
and bound e€;,5, we reduced the control frequency ten-fold
from the default (up to 100 simulation steps per environment
step), in-keeping with the observation in Section 4 that SPoRt
is best suited to control problems with low 7T'.

Thase Was trained so as to achieve a high probability of
satisfying the property (reach-avoid), while remaining fairly
exploratory. This was achieved by training 7,,¢e using Soft

Actor-Critic (SAC) [Haarnoja et al., 2018] with a sparse re-
ward scheme (corresponding to property satisfaction across
an entire episode). Alternative synthesis schemes are possi-
ble. Further details on training mp,se can be found in Ap-
pendix E.3. Once trained, around N = 10000 scenarios were
collected to determine €,,5¢ With high confidence (8 = 1le—7,
see [Campi and Garatti, 2018]) using Corollary 1. Note that
while training mp,se the maximum episode length was set to
T = 100 yet by the end of training the average episode length
was much lower, at around 7" = 14. Thus, to keep the value
Of €task = €base’ as low as possible, the maximum episode
length was reduced to T" = 21 after training mpase (With €pase
computed using scenarios of this length). Further discussions
(including how SPoRt can be modified to do this automati-
cally) can be found in Appendix E.4.

For our case studies we trained 7,5 to reach the goal as
quickly as possible: accordingly, r¢,sx Was the standard dense
reward for reaching a goal used by Safety Gymnasium. No-
tice that the set task (and corresponding reward) clearly leads
to a potential violation of the property (reach-avoid) of inter-
est. We consider two separate cases, as follows:

Case 1: Pre-Trained Task Policy. 7, is trained sepa-
rately without any consideration for property violation. As a
result, under 7,5k the agent quickly drives directly towards
the goal with no hazard avoidance. This represents appli-
cations where 7,5 has been pre-trained in an environment
where safety is not critical (for example in a robotics simula-
tor) and we want to safely test it on the real environment (see
Section 5).

Case 2: Task Policy Trained Using Projected PPO. This
represents applications where we have Tpase and €pase (as
from above) and now want to fine-tune our policy to be faster
(thus obtaining 7,5k ), While maintaining an acceptable given
bound on property violation (see Section 6).

Note that we use the same 7,4 for both cases.

8 SPoRt Report: Results and Discussion

Both cases were tested for 1000 episodes at different values
of a (such that .05 = projHOMrbase (Ttask ), ranging from
a = 1 (i.e. Tproj = Thase) t0 the point where the empirical
violation rate exceeded a threshold. For Case 2, . was
trained until convergence at each value of «, prior to testing.
Further details on training 7,5 for both cases can be found
in Appendix E.3. Action seeding for each episode was con-
trolled across different values of « and across the different
cases, so all results depend on « and the training of 7ask.
From our results we seek to answer the following questions
(Qs):

1. Does increasing « trade off safety for performance?

2. How does performance compare between Case 1 and 27

3. How conservative is the prior bound €¢a5x = €base L ?

Figure 1 presents sample distributions of episode trajecto-
ries for both cases over different values of «. In both cases,
we see that as « increases, the trajectories bend more tightly



Pre-Trained mask

(a)

a=10.0

Mtask Trained Using Projected PPO

a=15

(b)

a=3.0 a=10.0 a=100.0

Figure 1: Sample distributions of episode trajectories from the reach-avoid experiment using mpro;j for different values of . (la) Case 1
(pre-trained Tiask). (1b) Case 2 (meask trained using Projected PPO). Action seeding for each episode was controlled across different values
of v and across the different cases, so all results depend on « and the training of Teask.

around the hazard, suggesting a reduction in action variance,’

as well as an action mean that takes the agent closer to the
hazard. In fact, in Case 1 for « = 100, the agent’s mean
trajectory crosses the hazard. Thus increasing « is shown to
trade off safety for performance, answering Q1.

However, we can also appreciate the difference between
Case 1 and Case 2: while Case 1 produces an action mean
that drives the agent through the hazard for « = 100, Case
2 instead produces a more reduced action variance, while re-
taining an action mean that keeps the agent outside the haz-
ard, as expected. Thus, to answer Q2, we see that Case 2
allows us to provide better performance, whilst retaining a
‘better behaved’ (and indeed ‘safe’) mpro; compared to Case
1; accordingly, we argue that since training 7,k using Pro-
jected PPO deploys 7, during training, i, learns to opti-
mize performance of . compared to naively training myasi
a priori with no consideration of how 7p,;; will perform.

Figure 2 presents a more detailed view of the agent behav-
ior over an example episode for Case 2, for « = 5 (represent-
ing a compromise between safety and performance). Look-
ing at mean turning velocity over the episode, we see that
while both 7h,ge and 7y,sk drive the agent clockwise around
the hazard, 7,5k induces sharper turning, taking the agent
closer to the hazard and drawing a tighter, shorter curve while
maintaining the same or faster forward drive force. How-
ever, this sharper turning is constrained such that 7p..; al-
ways lies within the oo = 5 level set (see Section 5). Note at
Tiask applies a reduced forward drive force at the very start
of the episode compared to 7y,,5., Which makes sense given
the agent is initially pointing away from the goal, SO T¢ask

’Recall we work with diagonal Gaussian policies, hence the con-
sideration of action mean and variance.

reduces episode length by first pointing the agent closer to
the agent before driving forward. Appendix E.5 provides a
similar analysis for Case 1.

Figure 3a presents violation probabilities over different
values of « for both cases. The most striking observation is
the conservativeness of prior bound €,5,, which grows expo-
nentially from epa5c = 0.009 at & = 1 to €45 = 1 at around
a = 1.25 (beyond which point the bound is no longer useful),
yet the posterior bounds on property violation (obtained by
applying Corollary 1 to the N = 1000 test samples) remain
at around 0.025 over this range. We do also see exponential
growth in the posterior bound for Case 1, but this happens
over a completely different scale (o = 1 to 100 rather than 1
to 1.25). The posterior bound for Case 2 remains at 0.025 for
even o = 100, suggesting much safer behavior compared to
Case 1 for the same o.

Figure 3b presents the mean and standard deviation episode
length for successful trajectories over different values of «
for both cases. For both we see a similar reduction in mean
and standard deviation as « increases until around o = 10, at
which point the mean plateaus (to around 12.0 at o = 100, for
14.3% total reduction) but standard deviation shrinks for Case
2 while the mean continues to decrease for Case 1 (to around
11.3 at & = 100, for 19.3% total reduction)); this comes at
the cost of substantially increased violation rate for Case 1,
shown by Figure 3a. Another important observation is that
while we know from Figure 3a that e, is very conservative,
we do see a measurable (2.1%) reduction in mean episode
length for both cases from 14.0 at & = 1 (egask = 0.009)
to around 13.7 at @ = 1.12 (€5 = 0.1, a fairly sensible
(if high) value). Appendix E.5 provides the same figures but
zoomed in to the scale across which eg,q < 1.
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Figure 2: Snapshots across an example episode of the reach-avoid experiment using 7o for Case 2 (mask trained using Projected PPO) and

a = 5; the bottom plots present the action means at the corresponding

time step, with the black contour depicting the o« = 5 level set. Note

that positive mean turning velocity represents anticlockwise rotation. The halo above the agent is a visualization of its LIDAR observations
for the hazard and goal. See Appendix E.5 for Case 1 (pre-trained Tyask)-
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Figure 3: Results from the reach-avoid experiment for both Case 1 (pre-trained 7¢ask) and 2 (7ask trained using Projected PPO). (3a)
Violation probabilities over different values of «. (3b) Mean and standard deviation episode length for successful trajectories for different
values of a.. Action seeding for each episode was controlled across different values of o and across the different cases, so all results depend
on « and the training of Task. The same figures but zoomed in to the scale across which €45 < 1 can be found in Appendix E.5.

These observations further confirm our earlier answers to
Q1 and Q2, whilst now we also have an answer for Q3: the
prior bound can be very conservative, though it is possible to
see measurable improvement in performance while the bound
remains fairly sensible.

9 Limits to Sporting SPoRt

The most obvious limitation of SPoRt is the conservativeness
of the prior bound €g,5x = €base@ L, which prevents signif-
icant policy changes if the bound is to be used to guarantee
safety. This conservativeness also results in the limitation of
needing 7" to be as low as possible, making SPoRt unsuit-
able for applications where 7' is high (though we have seen
ways to mitigate this limitation). Another limitations include
the reliance on collecting many scenarios to obtain a useful
bound €y,,5¢, Which may not be practical for some applica-
tions, as well as the requirement of stochastic policies (and,
ideally, a fairly exploratory mp,se to achieve noticeable pol-
icy change). Despite these theoretical limits, we have dis-

played the usefulness of the end-to-end architecture of SPoRt
in meaningful simulation studies, which are promising for up-
coming real-world implementations of SPoRt.

10 Conclusions

We have presented novel theoretical results that provide a
prior bound on the probability of (safety) property violation
for a task-specific policy in a model-free, episodic RL setup,
based on a new “maximum policy ratio” established vis-a-vis
a given base policy. Based on these bounds, we have pre-
sented an end-to-end architecture, SPoRt, which combines a
data-driven approach for obtaining such a bound for the base
policy with a projection-based approach for training the task-
specific policy while maintaining a user-specified prior bound
on (safety) property violation, thus trading off safety guar-
antees and task-specific performance. In view of promising
experimental simulation results, future work will focus on re-
ducing the conservativeness of the prior bound, to improve its
utility in practical real-world applications.
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Training and Deployment of Task Policies in Model-Free RL”

Appendices
A Extension to LTL and Hybrid-State Models

A.1 Ensuring Existence of the Robustness Metric

In Section 3 we claim that since any safety property ¢ can be expressed as an LTL formula, we can be sure of
the existence of a robustness metric p¥. To justify this claim, we make use of Signal Temporal Logic (STL)
[1, 2, 3]. STL extends classical temporal logic by incorporating predicates over real-valued temporal signals
x(t) : R = R™ and, for a given STL formula g1, returns a real-valued robustness signal ¢#sT(x,t), such
that o#sT(z,t) > 0 when x(t) = pgrr, and ¢¥57" (z,t) < 0 when z(t) [~ @sTL.

To apply STL in the context of RL, we will define x(t) = z’(s(t)), where signal mapping a'(s) : S§ — R"
maps MDP state s to the real-valued signals upon which STL properties are defined. If our safety property
under mapping 2’(s) can be expressed as an STL formula (i.e. ¢ = @sT1), our robustness metric p?(7) is
the same as the STL robustness signal p#STt(a'(s),t) evaluated on finite-length, discrete-time input signal
traces (i.e. trajectories) T; thus, for properties expressed as an STL formula, we can be sure of the existence
of a robustness metric.

To complete the claim, we note that LTL formulae are constructed from a set of atomic propositions AP,
and in the context of RL, each atomic proposition is computed using a function of MDP state known as the
labelling function L(s) : S — 247, By choosing 2’(s) such that L(s) = H(z'(s)) where # is the unit step
function, we can build an equivalent STL formula ¢grr, such that 7 = ¢ < 7 | @srr. In other words, for
any LTL formula ¢ that we want our trajectories to satisfy, there exists an equivalent STL formula pgrr,
that is satisfied by all trajectories that satisfy ¢ (and only those trajectories). Appendix E.1 provides an
example for the time-bounded reach-avoid property.

It is worth noting that, when considering safety only (such as in the main paper), we can assume that
L(s) is simply an indicator function for whether safety has been violated at a given MDP state.

A.2 LTL Specifications and Hybrid-State Models

SPoRt extends beyond safety properties to encompass any property ¢ expressible as an LTL formula. More-
over, our theoretical results generalize to hybrid-state models with discrete state components, making them
applicable to product MDPs in reinforcement learning problems with general LTL specifications [4]. In this
section we redefine our system setup to accommodate these generalizations.

We consider a model-free episodic RL setup where an agent interacts with an unknown environment
modeled as a Markov Decision Process (MDP) [5], specified by the tuple ((S, Q), A, p, t, Ttask, AP, L), with
a hybrid state space (S, Q), where S is the continuous component and @Q is the discrete component, and
continuous action space A. p(s’,¢'|a,s,q) : Sx Ax A — A(Sx Q) and u(s,q) € A(S x Q) are the (unknown)
state-transition and initial state distributions, respectively. Tiask(s,q,a) : S X @ x A — R is the task-specific
reward. AP is a finite set of atomic propositions and the labeling function L(s,q) : S x Q@ — 247 assigns to
each state (s,q) € (S, Q) a set of atomic propositions L(s, q) € 247 [4]. We will consider learning a stochastic
policy 7(als,q) : S x @ = A(A) in a model-free setup. Let trajectory Ti’} = (S¢,St41,---,St47)P™ denote
a realisation of the closed-loop system with state transition distribution p, starting at state s; = (s, ¢;) and
evolving for T time steps, using policy 7.

We define our safety property as a Linear Temporal Logic (LTL) formula ¢ [6], using atomic propositions
AP. We use the LTL semantics in [4] to define the satisfaction relation 7 |= ¢, considering 7 to be a path of



finite length in the MDP. We require T, T E ¢ with high probability, while also attempting to accumulate
as much task-specific reward 7, as p0551b1e

B Proofs of Theorems

Note that all proofs of theorems are written for the general case of hybrid-state models wherein the MDP
state space becomes (S,Q); s € S is the continuous state component and ¢ € Q is the discrete state
component. To apply the proofs to the special case of continuous-state MDPs, simply let \Q| =1.

For the hybrid-state model, we characterize the probability that a sampled trajectory 77 o~ u r = (so~
[y S1, .. .,s7)P™ is such that sg € (S, Qo),...,sT € (ST, Qr) as a forward recursion, based on work in [7,
8]. Let Is, 0,(5,q9) : S x Q@ — {0,1} be the indicator function for s € S;,q € Q;, and define functions
WHPT(s,q) : S x Q — Ry, characterized as

WERT(',q) = Ls,1,000 (5 ) Z/Pp’ (s',q|s, )WL (s, q)ds
qeQ

and WP (s, q¢") = 1s,.0,(8", ¢ )u(s',q"), where Pp’”(s’,q’|s,q):/p(s’,q’|a,s,q)7r(a|s,q)da
A

It holds that P{7? 2 80 € (80,Q0), 587 € (S1,Q1)} = 20 Js WP (s, q)ds.

Theorem 1. If ¢?((71)7,, 7)i) > 0 for all N scenarios (107, )i in DE™ = {( T )i}, then with confi-

dence 1— 3, where 8 = (1 — e) , the probability of drawing a new scenario 7° NM 7 such that 0% (72 <0

So so~u T)
15 at most €.

Proof: We will use the theoretical foundations for the scenario approach outlined by Campi et. al. [9].
Suppose that A represents the set of all possible scenarios, with unknown scenario probability distribution.
Given N independent random samples §; € A, consider the classical scenario program SPpy:

min cr
reR
N
subject to 1 € ﬂ Rs,,
i=1

where R, Rs C R? and d is the number of decision variables in the scenario program.

Definition 1 (violation set and violation probability). The violation set of a given r € Rs is the set
{6 € A:r ¢ Rs}. The violation probability (or just violation) of a given r € R is the probability of the
violation set of Rs, that is V(r) =P{0 € A:r ¢ Rs}.

Assumption 1 (convexity). R and Rs, 6 € A, are convex closed sets.

Assumption 2 (existence and uniqueness). For every N and for every sample set {41, ...,dy}, the solution
of the program (3.1) exists and is unique.

Letting r* be the solution of S Py we wish to consider the quantification of V' (r*) and present the following
standard result:

Lemma 1. Let N > d. Under Assumptions 1 and 2, it holds that

PN{V (r* >e}<Z(> (1—eN "t <.

Since d = 1 for our problem, the upper bound in Lemma 1 simplifies to

PY{V(r*) >e} <(1-e)N <B.



Now, note that the problem of checking o¥ ((7? SONH 7)) = Thopn
can be written as solving for r};, , - by means of the convex program

for all N scenarios in D™ = {(75°7 | )i }iL,

min

- T
p,T™
Ty opim €[—a,b] P

N
subject to Tupm € ﬂ[—a, 0i]-
i=1

where ¢; = 0?((7 SPOIM r)i). The set [—a, ;] is both closed and convex, and r, , » = —a is always a possible

solution, thus we consider assumption 1 and 2 to hold.

We see that this problem is equlvalent to SPy and we can apply Lemma 1; with conﬁdence 1-— B ,” where
B = (1 - 6) ’ it holds that ]P){QLP( sON,u T) € AZL (TS()NlL T) < T,up ﬂ‘} - P{QSO( S()Np. T) € Ap, : ,up ™ ¢
[—a, 0 (7 o)} < € where APT is the (unknown) distribution of trajectories in the task env1ronment

under p and 7 starting from sp ~ p. To complete the proof, simply set rj, , - = 0. |

Theorem 2. Suppose that, for a set of coefficients oy € Ry, we could constrain pa, pe and mo so as to
enforce the following bounds for allt =1,...,T:

Z/szﬂm s’ q|s q)WuhphTrl(s q)d8<atZ/Ppl’m s QIS q)WuhPlﬂTl(S q)d

qeQ qeQ
and (s’ q") < appa(s',q) Vs'€S,q € Q.

It thus holds that

T
P{Tfjf;f?’T 180 € (80, QQ) ,ST € (ST, QT)} < P{ P, T80 € (SQ, QQ), ...,8T7 € (ST7 QT)} Hat.

SONHI
t=0
Proof:

WP (s ) = 1s,,0, (s ¢ Z/Ppm s q'|s,QWE* P (s, q)ds

qeQ
< aol e WP (s, g)ds
< apls, 0,(s',¢") (s'.¢'|s,q) (5,9)
qeQ
<

aparls, o, (s'.q) /P”“’” (s',q'|s, ) WP (s, q)ds
qEQ

_ PULTL( )
= W 1(s7q)Hat/.
=0

Assuming that W/P> ™ (s',¢') < WP ™ (s ¢V [[}_gap and 1 <t < T —1,

WM27P277T2(5 q) ]15t+1’gt+1 s q Z/Ppmwz 5 q|$ q)W“27P2,7r2(8 q)d
qeQ

< 1si41,00: (875 4") /P”m s'.q'|s, ) W{" PV (s, q)ds H Q!

qeQ t'=0
t
< ar1ls4,0,1, (5,4 Z/ PPom(s, g s, )W (s, q)ds [ | ew
qeQ t'=0

t+1

— Wtk_t‘rliphm (S/, q/) H Q.
t’'=0



From these two results we have proved by induction that W/**?> ™ (s') < W PV™ (') [},_, ap for all
t=1,...,T. Marginalizing over all s’ € §,¢' € Q for t = T, we arrive at the following bound:

T
P, 80 € (S0, Qo). .57 € (Sr,Qr)} < P{TLT 7250 € (S0, Q)57 € (S7. Qr)} [ v

t=1
|
Theorem 3. Suppose the following constraint on ps and 7o holds:
p2(s’.d'la, s, q)ma(als, q) < aupi(s',¢la, s, q)mi(als,q) Va€ A seS g€ Q.

It thus holds that

Z / PP272(8 gl|s, q) WY (s, q)ds < oy Z / PP gl s, q) WL PY T (s, q)ds Vs € S, ¢ € Q.

qeQ”’S q€Q”’S

Proof:
p2(s',¢'la, s, q)m2(als, q) < aupi(s',¢la, s,q)mi(als,q) Va€ A s€S,q€Q
/Apg(s’,q’|a,s,q)7r2(a|s,q)da < oy /Apl(s’,q’|a,s,q)7r1(a|s,q)da Vs, se€S,qe Q
PP (s q'ls,q) < ay PP (s, q |s,q) Vs',s€S8,¢,q€ Q
Z / PP (¢ g s, q)WHLPE™ (s, q)ds < ay Z/ PPoT(s g s, q) WPV (s, q)ds Vs € S,q' € Q.
q€Q”’® qeQ”’®
|
Theorem 4. Suppose that
P{Q“O(Tfoljzlj) SWANE: g“”(TSpol;T;th) <0} <e,

and forallt=1,...,T,

p2(s’,d'|a, s, q)ma(als, q) < aupi(s’,¢la, s, q)mi(als, q) and pa(s’,q') < aopa(s’,¢') Vae A s€S,q€ Q.
It thus holds that .

P{g‘p(Tfs’NTZ’T) eA: Q@(Tgfs;ij) <0} < EHOét-
t=0
Proof: We will define the notation
P{Tf(;:,L,T 280 € (S0, Q0),---,87 € (S, Q1) }
{(80,Q0),-,(ST,Q1):7 e}

as the sum of probabilities IP’{TSPO’:“’T : 80 € (So,90)s.-.,87 € (ST,Qr)} over all permutations of pos-

sible sets (So, Qo),-- ., (S, Qr) C (S, Q) such that the event of drawing trajectory 7.°7 . where sy €

~

(S0, Q0),---,87 € (Sr, Qr) results in 707 ;. = ¢, and (importantly) also such that each event in the

sum is mutually exclusive to all other events in the sum. In other words, the notation represents the sum
of the probabilities of all (mutually exclusive) events of (Sp, Qo),-- -, (ST, Qr) C (S, Q) being such that
o1 I ¢, and the sum is thus equal to the probability that 77 ;. [~ ¢ and therefore ¥ (727 1) < 0.

To illustrate, consider the case for safety, with unsafe set Sy C S (let Quy = 0). For this case, the
permutations are such that S; € {Sy, S,/J} for all t = 0,...,T and there exists ¢ such that S; = Sy, so the

sum is over the probabilities P{7)"" 7 : 80 € (S0, Qo); - - .,ST € (S1, Qr)} for all (mutually exclusive) events

: P,
of drawing 7,

~

T such that least one set S; is the unsafe set Sy (and all other sets are either S or Sij)



Now consider the probability that sampled trajectory 77272 . is such that (72272 ) < 0:

so~pz,T So~H2,

P{o?(7F272 ) € A (7272 ) < 0}

so~p2,T so~pz,T
= Z {7l 0%, 7 280 € (S0, Qo), - .-, 87 € (S7,Q1)}
{(80,Q0)--,(ST,Q7): T}
T
< > P{rlLT 10 € (S0, Q) - -57 € (S7. Q) } [ e
{(80,90),---,(S7T,971):TlEp} i—0

T
:P{Qw(Tgyl;El,T) cA: gw(Tgol;ﬂthT) < 0} H at
t=0

T
Se H Qg
t=0
where Theorems 2 and 3 are used to obtain the first inequality. [ |

Theorem 5. Assuming diagonal Gaussian policies and using KL divergence as the distance metric for
projection, the means and standard deviations of projected policy mpro5 can be computed from Tpase and Tiagk
by solving the following convex optimization problem at each time step:

min J(upmj, O proj)
Hproj O proj

2
(#pmj,ifubase,i)

1
o 3
subject to Tbased o2 ofose,i~proi.i <a,
i1 \ Oproj,i
0< Oproj,i < Obase,i Vi=1,...,n,
Y Oproji | (Hproji = Mrastca)”
roji — Htask.i
where J(I""pro_j? Uproj) = Z —21n (Uproj,i) + gro_] [ + proj ;2 ask, )
i=1 task,s task,i
Proof: The diagonal Gaussian policy distribution for an n-dimensional continuous action space is given
by
1 1 Ts—1
7T(a|s7Q) = N(a; H, E) = ﬁe_i(a_ﬂ) = (a—p,)7 Y= dla'g (02) .
(2m) %[}

We will first derive an expression for « as a function of the projected policy means p,,; and standard
deviations op,0j. The policy ratio can be written as

%efé(af“pmj)qﬂz;tj (a*l"proj)
Tproj (a|s,q) _ (27) 2 | Zproj| 2
Thase(als, @) —— L e~ 3a—tane) B L A binane)

n 1
(27) 2 | Epase| 2

1
— Me_ % (a_l’l'proj)TE;rloj (a_l’l'proj)+ % (a_l‘l‘basc)ngalse (a—Hpase) .
[Eproj|2

Note that 3 = diag (¢2), thus [E| =[], 0 and £~! = diag (Z7). Substituting,

n
7Tproj(a|57 q) _ Hi:l Obase,i 6_% 2 (%(ai_upmj’iﬁ_ o2 ! (ai_“baseJ)z)

— Uproj,'z base,i

7Tloase(a‘sa Q) H;’Lzl Oproj,i



We want to find the location of the stationary point a*. The stationary point a; is such that

2 2
* * _
02 (ai - Mproj,i) ) (a’i - /J/base,i) =0
proj,i base,i
1 1
* _ * )
B} (a; — Npmj,i) = (aj — ;“base,Z)
aproj K abase;i
2 * 2 _ 2 * 2 .
Obase,i% — Obase,illproj,i = Oproj,i®% — Oproj,iHbase,i
2 2 «_ 2 2 '
(Ubase,i - Uproj,i) 4 = Opase,iMproj,i — Oproj,iHbase,i
2 2
L ox Obase,i ag;
.a; = P Hproj,i — —3 ) Hbase,i-
base,i proj,t base, proj,i

. : 2
We can use this to find an expression for (af — tiproj,i)”:

2 2 2 2
* o Ohase,i Opase,i — Oproj,i Oproj,i
Q; — Mproj,i = o2 — 9 HMproj,i — e ——5  Hproj,i — 2 2 Mbase,i
base,i proj,i base,? proj,: base,? proj,i

2 o .

_ proj,i ) _

- "9 ) (/ffproj,z - ,U/base,z)

O-baseﬂ‘ O-proj,i

(Ugroj,i)2

2 _ 2
(Ubase,i Uproj,i)

We can do the same for (a} — ,ubase’i)2

" (a;k - :ufproj,i)2 = 3 (Mproj,i - ,ubase,i)2

2 2 2 2
* Obase,i Oproj,i Ohase,i — Tproj,i
a; — Hbase,i = —5 5 HMproj,i — 5 5 Mbase,i — 5 5 HMbase,i
Obase,i — proj,i Obase,i — proj,i base,i — Pproj,i
2
base,i
=5 3 (/jfproj”i - ,Ubase,i)

O-base7i O-proj,i

2
(UIQ)ase,i>
2
(J%ase,i - JIQ)roj,i)

With these two results we can write the following:

(Mproj,i - /J/‘bause,i)2

" (a: - /’L’base,i)2 =

2
1 2 1 9 oc ..
* * proj,? 2
2 (ai - /”'proj,i) ) (ai - Mbase;i) 2 (/J/proj,i - Mbase,i)
(Tproj,i base,i (02 — g2 . )
base,? proj,t
2
Ubase,z

3 2
- ) (Hproj,i - Nbase,i)
2 2
(Jbase,i Jproj,i)

2 2
Opase,i — Oproj,i

_ 2
- - 5 (/~Lproj,i - ,U/basc,i)
2 )
(Ubase,i Uproj,i)
2
(:uprOj,i - Nbase,i)

2 _ 42
Ubase,i Uproj K

If all 0proj,i < Obase,i then the point a* is a maximum and yields a finite policy ratio. Substituting this
stationary point into our expression for the policy ratio, we arrive at

2
(#proj,i*#base,i)

(ﬂproj (a‘sv Q) > _ HZ:l Obase,i 6% i "Ease,i_"groj,i
Thase (a|s, Q) Hi:l Oproj,i

(67 O i) = max
(l"’proj’ PFOJ) acA



We have arrived at an expression for the maximum policy ratio at a given state as a function of the means
and standard deviations of the mpo; at that state. Projecting mgask onto Iy x,... at each state becomes a

problem of finding Fpro] and o0 such that a(uproj, Oproj) < a while remaining as close as possible to meask.
We can write this as the following constrained minimization problem:

min J(l"’proj? UPFOj) = Dkr (N (y’projv dia‘g (Uiroj)) ||N (iu'taskv diag (o'tQask)))

Hproj T proj

2
n 1 n (“pmj,'i*“base,i)
Wie ase,i  “proj, < a,
i=1 9proj,i

0< Oproj,i < Obase,i Vi=1,...,n.

subject to

We will now write out the KL divergence term that we aim to minimize. It can be shown! that the KL
divergence between two multivariate Gaussians takes the form

Dict O (13 Z0) I a1 20) = 5 (1 (52 ) =m0 (257 2) + (= )" 57 1 = ) )

Assuming that 3, = diag (a'%) and X, = diag (O’%), we can re-write this as

Dicp (N (1, diag (7)) [V (po, diag (03)))

Il 03, ot (2 )

VR

DN =

=191,

2 2 2
o5 . oy . - )
In 3,2 1 272 (NQ.,l 2:“1,1)
oy 03 03

ot (uay — 1)
2In(02;) —2In(01,) =14+ == + ——F5—— | .

03, 032,

N | =

N. s.
I M: I Ms
- SN

DN =

Let m1 = Tproj and my = Teask. Since we only seek the minimizer of the optimization problem and not
the minimum value itself, we can discard constant additive terms in the objective function, leaving us with
the following:

= Tovoii , (Mproji — Heask,i)
o proj,t proj,t — Mtask,?
J(ll’proj’ Uproj) - E —2In (Uproj,i) + 2 + 2 :
i=1 task,? Utask,i

From our analysis, we can rewrite the constrained minimization problem for projection as

n

2 2
min E (—21n (Oproj.i) + ‘Sm“ + wprowz frask) )

Hproj>Tproj i=1 Otask,i Otask,i

2
(#proj,z‘*ubase,z:)

n 1
3 o P 2 2 — 2
subject to H Zbasest 02 oFuse,i~Tproni <a,
i=1 Oproj,i
0< Oproj,i < Obase,i Vi=1,...,n.

This problem can be viewed as n constrained minimization problems, one for each dimension in action space,
but also jointly coupled by the first constraint. Since not only the objective function and domain but also the
feasible set? are convex with respect to each optimization variable, this is a convex minimization problem. m

Thttps://statproofbook.github.io/P/mvn-k1.html

2While the first constraint is non-convex for general Oproj,is 1t is convex over the domain oproj,i € (0, 0base,i); Which is
enforced by the other constraints.



C Observations From the Theoretical Results

C.1 On the Conservativeness of the Upper Bound

The upper bound on the probability of property violation under (u2,pa,m2), P{o?(7L: 2;122 r) € A

0% (, 502’:;?2 r) < 0} < thTZO oy, obtained by ensuring constraints pa(s’,q’) < appi(s’,q’) and
p2(s',d'la, s,q)ma(als,q) < awpi(s’,d'|a,s,q)mi(als,q) for all a € A;s € S,q € Q and applying The-
orem 4, is inherently conservative. This is made clear by observing that pa(s’,q¢'|a, s, q)ma(als,q) <
ap1(s',q'a, s, @)mi(als,q) = p2(s’, ¢ |a,s,q)ma(als, q) + part(s’,d'|s, q), where pari(s’,q'|s,q¢) > 0 is an ar-
tificial probability mass that we add to poms when computing the upper bound to make it equal to pym;
but scaled up by «. This artificial probability mass increases the upper bound since we are adding to it
an ‘extra’ probability that does not actually exist. The bound is only tight when pa.¢(s’, ¢'|s,q) = 0 for all
8,8 € 8,q,¢ € Q, which requires the trivial case where oy = 1 where pams = pym (and also ag = 1 where
to = p1). The larger we make oy, the more artificial probability mass we must add, making the bound more
conservative. Furthermore, the addition of this artificial probability mass is compounded exponentially when
we multiply by a; over t = 1,...,T, making our total multiplicative increase HtT:o ay very conservative for
applications with large episode length T

C.2 Application to Robust Control Problems

In Section 5 we focused on maintaining a bound on property satisfaction when using a modified policy Tgask,
however we see that Theorem 4 also provides a bound when py and pe differ from p; and p;. Thus, our
theoretical results can also be applied to robust control settings where we require a bound on property
satisfaction for a perturbed system, where nominal system dynamics (tnom,Pnom, Tnom ), for which an upper
bound on probability of property violation is known to be €,o, with confidence 1 — 3, are perturbed to
(Hpers Ppers Tper)- As long as the set of all possible perturbations is known to fall within the constraints
outlined by Theorem 4, an upper bound on probability of property violation for the perturbed system is
€per = €nom HtT:O o with confidence 1 — §.

C.3 On the Relationship Between Stochasticity of the Base Policy and the Size
of the Feasible Set of the Projected Policy

We note that II, r,... Will generally be larger when mmy,,5c is more exploratory with a higher standard deviation.
If Thase and mproj are ‘tall’” Gaussians with small ‘width’, then even small deviations in the mean of 7y, from
that of mpase Will cause a rapid increase in policy ratio, while if they are made ‘flatter’ with larger width, the
same deviations in the mean of 7., will cause a smaller increase in policy ratio. This means that a more
exploratory mpase requires a lower o and therefore yields lower €,k for the same deviation in mean of mp;0;
from 7pase; this is intuitive, since we would expect safety guarantees from a more exploratory 7ase to be
more informative when making guarantees for the modified policy.

D Implementing the Policy Projection Method

The convex minimization problem is solved at every time step using CVXPY [10, 11]. In order to use
CVXPY, the problem must adhere to the Disciplined Convex Programming (DCP) rules described in its
documentation. The DCP-adherent problem given to CVXPY is as follows:

2
—QZIH O'projz +Z (UPYOJ7> —|—Z (‘uplko /’Ltask1>

min
l"projeR'ro-Proj ERy 4 Otask,i Otask,i

1 - o ase,? 2
subject to Zln(abase’i) — Zln(apr% + 3 Z Mp jsi Mb ;) < In(a),

i=1 Ubase i UprOJ,

Oproj T Nl < Opase-



with all operations implemented using the appropriate CVXPY methods, and 7 is a small strictly positive
constant used to ensure that 0 < oproj,i < Obase,i- Implementation is mostly straightforward except for the

ii— i 2 . . . . . . .
term 13" W, since optimization variables are in both the numerator and the denominator,
base,i proj,i

which is generally not DCP. To overcome this, we must use the CVXPY method quad_over lin(X,y) =
2

. X2 . . .
% and sum over the action space dimensions:

n 2 n
% Z (MUpQrom‘ _:uo]i);bejll) _ % Z quad,over,lin(,uproj,i — Hbase, i U%ase,i — Ugrom).
i=1 base,i proj,: i=1

Since we will be running the same minimization problem many times but with different base and task
policy means and standard deviations, we can achieve a significant speed-up in performance by making the
problem adhere to Disciplined Parameterized Programming (DPP) rules, and treating the base and task
policy means and standard deviations as parameters. It is straightforward to make the problem DPP with
little further work. Note also that in the case of optimization failure, we can always fall back on mpage.

The implementation of the convex optimization problem was tested in isolation using randomly-generated
examples for Thase and Tiask- The Thase means were sampled using a zero-mean Gaussian distribution, and
the Tpase standard deviations were sampled using a Rayleigh distribution. The 7,5 means were sampled
using a much narrower Gaussian distribution centered on the mp,se means, and the 7,5k standard deviations
were sampled by subtracting sampled values of a much narrower (and truncated) Rayleigh distribution from
the mpase standard deviations, since in practice, the trained 7,5 would be somewhat close to mpase but with
lower variance.

Figure 1 presents the solution to the optimization problem for one such example, with a = 1.1. We
see that the solution for mp.; is such that KL divergence from 7,k is minimized while remaining within
I, r....- Both the DCP and DPP problems typically return the same solution to 4 decimal places.

The relationship between mean solve time and number of action space dimensions was also investigated.
Figure 2 presents the results for both the DCP and DPP problems. We note a linear increasing trend in both
cases, and that the DPP problem is roughly an order of magnitude faster to solve than the DCP problem.
The solve time remains in the order of milliseconds for the DPP problem for even high-dimensional action
spaces, so it is feasible to apply the optimization scheme to even high-dimensional, high-frequency control
problems.

E Case Studies
E.1 LTL Formula and Robustness Metric for Time-Bounded Reach-Avoid

The LTL formula for the time-bounded reach-avoid property is given as follows:

¢ = ((=h)Ug) A (F<19),

where g and h are atomic propositions for entering the goal and hazard respectively, T is the time limit, and
-, U, A and F<p are the ‘not’, ‘until’, ‘and’ and ‘eventually (before T')” operators respectively.
A valid robustness metric for this property is given by

pf (1) = sup (min{ inf (—dSH (T[t’])),dSG (T[ﬂ)}) ,
tel0..T] t’€[0..1]

where 7[t] is the MDP state s along the trajectory at time t, dq(s) is the signed Euclidean distance from
MDP state s to some set @ C S (where the sign is negative if s ¢ ), and Sg, Sy C S are the goal and
hazard sets, respectively. Note that we never have to actually evaluate p?(7) beyond checking its sign,
which is equivalent to checking LTL formula satisfaction, but we provide its explicit representation here to
demonstrate its existence (which is required for Theorem 1 to hold).

Note that if we choose signal mapping (2 (s), 2 (s)) = (dss(s),ds, (s)), this robustness metric is the
same as the STL robustness signal for the STL formula for the time-bounded reach-avoid property,

psi = ((~(@n 2 0))Uleg 2 0)) A (Fer(ae > 0)),
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Figure 1: Example result from the convex minimization problem for a 2D action space with randomly generated base
policy 7pase and 7miask, with a = 1.1; the black contour depicts the e = 1.1 level set. The white dotted line represents
the projection of miask onto the set Iy ry,.., producing mproj. (1la) Variation in policy ratio and KL divergence with
policy means (standard deviations fixed at the values for the joint optimum). (1b) Variation in policy ratio and KL
divergence with policy standard deviations (means fixed at the values for the joint optimum). Note how the solution
for Tproj is such that KL divergence from miaqk is minimized while remaining within Iy .-

evaluated on a finite-length, discrete-time trajectory 7. We see that the LTL atomic propositions g(s) =
H(dsg(s)) and h(s) = H(ds, (s)), in-keeping with our observation in Appendix A.1 that choosing #’(s) such
that L(s) = H(z'(s)) allows us to build an equivalent STL formula gy, for any LTL formula ¢ such that
Ty e T E esr

E.2

The environment for our experimental setup uses continuous observations and actions. There are a total of
44 observations; 32 of these are for the agent’s LiDAR sensor, which measures minimum distance from both
the goal and hazard sets in each of 16 equally-spaced directions pointing radially out from the agent. This is a
reasonable abstraction of a LIDAR typically found on a mobile robot (though a real LiDAR would likely not
be able to distinguish between hazard and goal). Nine of the observations are for the agent’s accelerometer,
velocimeter and gyro (three each), measuring acceleration as well as linear and angular velocity respectively
in each spatial dimension; again these are common sensors to have on a real mobile robot (or could at
least be estimated using odometry information). Note that one each of the accelerometer and velocimeter
observations and two of the gyro observations are irrelevant since the agent is restricted to a plane and
so cannot fly up/down, pitch or roll. The final three observations are for the agent’s magnetometer that
measures magnetic flux in each spatial dimension, which is irrelevant for this problem since there is no
magnetic flux.

The two agent actions are forward drive force and turning velocity; this is a reasonable abstraction of a
high-level controller for a skid-steering mobile robot.

See [12] for more detailed information about the Safety Gymnasium agent observations and actions.

MDP Observation and Action Spaces
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Figure 2: Mean time to solve the optimization program (across 1000 examples) over the number of action space
dimensions. We see a linear increasing relationship between the two. Note that the DPP problem is roughly an order
of magnitude faster to solve than the DCP problem.

E.3 Training the Base and Task Policy

Thase Was trained so as to achieve a high probability of property satisfaction while remaining fairly exploratory.
This was achieved by training mpase using Soft Actor-Critic (SAC) [13] with the following sparse reward
scheme:
+1 s € Sa
Frpao(8) =4 —0.25 s€ Sy

0 otherwise.

The exploratory behavior was encouraged by setting a target entropy of 0. To improve training we used a
curriculum [14] with 5 stages of increasing difficulty (the final stage being that used for the task environment
in the experiments) as well as Prioritized Experience Replay (PER) [15].

In both cases, training was done in the task environment used for experiments (no curriculum). For Case
1, Trask Was trained using SAC but using (dense) 7.5k without PER; to speed up training, since we assume
separately training m,qc without safety considerations is acceptable for Case 1, the environment was not
reset when the agent entered the hazard. For Case 2, a different 7,5 was trained using Projected PPO for
each value of a. Training hyperparameters can be found in Table 1 and 2. Figure 3 presents episodic return
during training for Projected PPO with o = 100; we see a gradual rise over time as g begins to deviate
from pase, eventually reaching a plateau as myaqr nears the boundary of Il . .

E.4 Selecting Optimal Maximum Episode Length

Our prior bound €gask = €pase@’ grows exponentially with maximum episode length 7. For many tasks, the
agent is likely to achieve property satisfaction far before reaching the time limit, so it is useful to reduce
T to keep €ask as low as possible. Note that reducing T can affect the number of scenarios that violate
property ¢, which changes the value of €pagse, and so we must now treat €pnase = €base(T) as a function of 7.
To compute €pase(T’) with confidence 1 — 8 we can use Corollary 1 where k = k(T') is the number of scenarios
that violate ¢ when the scenario trajectory length is reduced to T'.

To maximize improvement in task-specific performance we would like to choose T' so as to maximize « at
the user-specified maximum acceptable bound on property violation €, since a larger « allows for greater

11



Thase Ttask (Case 1)

Total interactions leb leb
Policy learning rate 2e—4 3e—4
Critic learning rate Te—4 le—3
Adam epsilon le—8 —
Discount factor 0.99 —
Buffer size led —
Batch size 512 256
Replay buffer burn-in before training 5e3 —
Autotune entropy coefficient True —
Target entropy per action 0 -0.41
Policy update frequency 2 —
Critic update frequency 1 —
Tau S5e—3 —
Use PER True False
PER alpha 0.6 N/A
PER beta start 0.4 N/A
PER beta end 1.0 N/A
Use curriculum True False
Curriculum levels 5 N/A
Curriculum success rate threshold 0.95 N/A
Curriculum success window 100 N/A
Hidden layers [256,256] —
Activation ReLLU —

Table 1: SAC hyperparameters. Dashes (—) indicate shared hyperparameter.
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Trask (Case 2)

Total interactions 3ed
Learning rate 5e—5
Adam epsilon le—8
Discount factor 0.99
Anneal learning rate False
Steps per batch 128
Minibatches 4
Update epochs 4
Normalize advantage True
GAE True
GAE lambda 0.95
Clip coefficient 0.2
Clip value loss False
Entropy coefficient 0
Value loss coefficient 0.5
Max gradient norm 0.5
State-dependent STD True
Hidden layers [256,256]
Activation ReLU
Warm-start interactions 2.5e3
Warm-start learning rate 3e—4

Table 2: Projected PPO hyperparameters.

deviation in mpyej from mpage, enabling greater task-specific performance. Of course, this search can be done
automatically, and can be included in the SPoR#t pipeline just prior to starting Projected PPO.

Figure 4a presents, for our time-bounded reach-avoid experiment, €gsx = €pase(T)a? from T = 0 to
T = 100 (the original maximum episode length during training) for different values of a. We see that for all
«a > 1 there exists 0 < T < 100 at which €;,g, is minimized.

Figure 4b presents the maximum permitted In(«) over 0 < T' < 100 for different values of user-specified
€task- 10 select the optimal T', we simply choose T at which In(«) is maximized for the chosen ey,gc. For our
experiments we chose € = 1 and so we obtained T = 21 and In(a) = 0.22 (a = 1.246).

E.5 Additional Figures and Discussion

Figure 5 presents a more detailed view of the agent behavior over an example episode for Case 1, for « =5
(representing a compromise between safety and performance). Looking at mean turning velocity over the
episode, we see that while both 7a5c and masi drive the agent clockwise around the hazard, my,gc induces
sharper turning (much like for Case 2) until around ¢ = 7, at which point 7,skx drives the agent in roughly
the same direction as mpase but with higher forward drive force. Again, we see that mp..; always lies within
the o = 5 level set.

Figures 6a and 6b plot violation probabilities and mean (and standard deviation) episode length for
successful trajectories respectively, and are the same as those found in the main paper but zoomed in to the
scale across which €,5c < 1, for the reader’s convenience.
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Figure 3: Episodic return during training for Projected PPO with a = 100. Both the full fidelity data and the
exponential moving average (window size 100) are plotted.
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Figure 4: Selecting optimal maximum episode length 7. (4a) Violation probabilities over episode length. (4b)
Maximum permitted « over episode length.
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